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The Sierpinski gasket (SG)

We denote SG on level N by Gy = (Vp, En) where V) is the vertex set, and Eyp is the

edge set.
ao ao ao
b2 b1 b2 bl
ai az ai ar ai ar
level 0 level 1 level 2
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The Sierpinski gasket (SG)

We denote SG on level N by Gy = (Vp, En) where V) is the vertex set, and Eyp is the

edge set.
ao ao ao
by b by by
a ar a as ai az
level 0 level 1 level 2
Remark

@ Let F; be the contraction mappings for i = 0,1,2. Then the infinite SG is the
unique nonempty compact set K such that

2
K =JFi(K)
i=0

_3N+l,3
Q #Wwy=3%
© SG is self-similar
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The combinatorial graph Laplacian

do
Example: G = (V, E), the level 1 SG by b1
ai
bo
. deg(i) ifi=j o 1 ifinj
D¢ (ij) = A =
G (iJ) { ifisj 6(i.J) 0 otherwise
ay ai a» by b1 b ay a1 a» by b1 b
a /2 0 0|0 0 O a /0 0O O0O]O0O 1 1
ai o 2 0]0 0 O ai O 0 Ooj1 0 1
a» 0O 0 2|0 0 O A= a» 0O 0 O0O|1 1 o0
bo 0O 0 0|4 0 O ~ by o 1 1|0 1 1
bpb | O 0 0|0 4 0 by 1 0 1|1 0 1
by 0O 0 01]O0 0 4 by 1 1 0|1 1 0

The combinatorial graph Laplacian of level 1 SG is Ag = Dg — Ag.
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The magnetic Laplacian

We can normalize A¢ by the degree to obtain the probabilistic graph
Laplacian L¢ = DEIAG, or
1

(Leu)(x) = degc ()

> (u(x) —u(y)), ueRY

yrox
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The magnetic Laplacian

We can normalize A¢ by the degree to obtain the probabilistic graph
Laplacian L = DEIAG, or

1

(Leu)(x) = degc ()

> (u(x) —u(y)), ueRY

yrox

To obtain the magnetic Laplacian, We assign a set of unit complex values

(complex line bundle) to replace the 1's in the adjacency matrix such that
wijj = wjjl for all i, j in Viy. The magnetic Laplacian on the level-N gasket
graph Gy endowed with the set of weights w is defined as

(£70)0) = 3 gm0 sl we

yrx

Ruoyu Guo Sierpinski-Hofstadter problem



The magnetic Laplacian

We can normalize A¢ by the degree to obtain the probabilistic graph
Laplacian L¢ = DEIAG, or

1

(Leu)(x) = degc ()

> (u(x) —u(y)), ueRY

yrox

To obtain the magnetic Laplacian, We assign a set of unit complex values

(complex line bundle) to replace the 1's in the adjacency matrix such that
wijj = wﬁl for all i, j in Viy. The magnetic Laplacian on the level-N gasket
graph Gy endowed with the set of weights w is defined as

(£70)0) = 3 gm0 sl we

yrx

Remark

Ly is self-adjoint on L2(VN,degGN), so it has real eigenvalues.
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Magnetic fluxes

Definition
The magnetic flux through each smallest upright (resp. downright) triangle on level N
equals ay (resp. By).

Suppose that the figure below is part of a level N SG:

2micyy _
€N = Wa by Whoby Whyar = WhyayWay by Why by

2By —2miBy _—
€ = Whoby Why byWhyby € = WhybyWhy by Why by
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Magnetic fluxes

Definition
The magnetic flux through each smallest upright (resp. downright) triangle on level N
equals ay (resp. By).

Suppose that the figure below is part of a level N SG:

2micyy _
€N = Wa by Whoby Whyar = WhyayWay by Why by

2By —2miBy _—
€ = Whoby Why byWhyby € = WhybyWhy by Why by

Remark

Having uniform magnetic field over SG implies ooy = By .
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The magnetic spectrum

What is the magnetic spectrum when SG is subject to uniform magnetic field?

1 Bellissard, 1990; Ghez et. al, 1987
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The magnetic spectrum

Question

What is the magnetic spectrum when SG is subject to uniform magnetic field?

Answer:!

Filled Julia set of U

1 Bellissard, 1990; Ghez et. al, 1987
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Case |: magnetic spectrum under (half-) integer flux, o, 8 € {0, %} (Chen—G. '19)

(0,0) _R(0,0,-) (0,0) R(0,0,-) £(0,0) (0,0)
Ly Ly Lyn2s Lo
([,Sva’ﬂ)) Respective multiplicity
— — 1] N—k—1 N—k—T_;
(@, B) = (0,0) 0,3, R(0,0,9)7*(3), R(©,0, ) ~*($) 1358, 58 P
11 1352, P T P
(.8)=(3,3) (R(%,%,~))71(R1UR2) I k 2Jr3 k22|
=T
145 7 1 3 5 3Ny3 = N1 V2
T | LG ()| T e i
(a, 8) =(3,0) 1 -1 1 =1 3/\/ 2,3 3h- k 3.3 Vk—3"
(r(20) o (n (32 )) Hmum | S T
13 4 3 1 17735 N—1 N — N N—2_
— 1 i (Re) ({5 |2 2+3v : l’lv =0 R
(o, 8) = (0, 3 ® (0.1 U lR(1h e R N—2,3 N—k—3,; 3N—k=3",
(R(0.5.)) o (R(3. 1)) (rumy | o afkiis Sk
N—2 3 N=3 5
where Ry = (R(0, 0, ))_k (7) Ry = (R(O:Ox'))_k (*)
k=0 4 k=0 4
N—3 3 N—4 5
Ri= U (R0 (2) o= U R0, (2)
k=0 4 k=0 4
2 R(c, B, A) is the decimation function, k = {0, 1, - - - N — 1}, Fukushima & Shima;71992
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Case |: magnetic spectrum under (half-) integer flux, o, 8 € {0, %} (Chen—G. '19)

R(0,0,-)

R(0,0,-

(0,0) (0,0) (0,0) (0,0)
Ly Ly 1 Ly 3 — Lo
R(%,%/ R(%%/
(3:3) (3:3)
L Ly_i
O-(ESVO"B)) Respective multiplicity
— — N—k—1 N—k—T_
(o, 8) = (0,0) 0. 3. R(0,0.)*(3). R(0.0, ) *(3) B
T 5 N—17 N—1
(aﬁ):(l l) 511,;7,12, 3 13 2-*-31
D=0 (R(3.1.)) " ®URY woealy vl
—T —
T TGO @) | R R A
(e, 8) = (3,0) R(1 -l (11 e UR 3N 2+3 SNk 343 SNk=3T
(r(10)) o (7 (3.1.0) Um0 :
=1 N—1 N—1 N =
@p -y | EErinRE)) (i) | e et e
) =10, 3 1 - 11 - 3N233Nk333Nk3
(R(o.30) "o (R(130)) my |t e
N—2 3 N=3 5
where Ry = (J (k0,007 (2) Re= U (Ro.0,07 (2)
k=0 4 k=0 4
N-3 W (3 N—4 K (5
Ro= U (RO.0.) 7 () o= U RO.0,)7(2)
k=0 4 k=0 4
2 R(c, B, A) is the decimation function, k = {0, 1, - - - N — 1}, Fukushima & Shima; 71992
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Case |: magnetic spectrum under (half-) integer flux, o, 8 € {0, %} (Chen—G. '19)

£(0:0) R(0,0,-) £(0:0) R(0,0,-)

2 R(a

, B, A) is the decimation function, k = {0, 1, - - -

N1},

Ruoyu Guo

Fukushima &Shima; 1992

Sierpinski-Hofstadter problem

(0,0) (0,0)
11 =L n — 4
R(:.3. R(3.3.
<.h &b
L Ly_1
R(%,0,9)
R(0,5 ") 1
(3.0 2 (0.3)
Ly Ly
U(ESVO"B)) Respective multiplicity
N N—k—1 N=k—1
(a, 8) = (0,0)2 0, 3,R(0,0,-))"%(3), R(0,0, ) ¥(§) e e e
(.8 =31 -1 '
b (=(4)) b e
(e, B) =(3,0) %’1’%’%’(’?(%’0"))71 ({%7%}) 3N+3 L S =L, 3 21+3 - 22 !
a, =(5,0 - =1 N—k— '
2 (R(%,O,-)) o(R(%,%,-)) (R3 U Ry) 3N 22+3 3N K 343 3 3.1
=1 —
wm-oy | hErIREEL)) (1)) | fe o Y =
a, B) =
, '3 1 —1 LA h 3N233Nk333Nk3
(o) o (r (1) omg | dm o
N—2 N—3 5
where Ry = (R(0,0,-))k ( ) Ry = (R(0,0,) "% (*)
k=0 k=0 4
N—3 W /3 N—4 K (5
Ry = (R(0,0, )~ <7) Ry = (R(0,0,-))~ (*)
k=0 4 k=0 4




Other cases

Theorem: Magnetic spectra under non-(half-)integer fluxes (Chen—G. '19)

Let £(an, Bn) be the exceptional set for spectral decimation. Suppose not
both of ay and By are in {0,2}. Then

o (£5m™) = {X e R\ E(an, Bu) : Rlaw, B, A) € o (L)}

3
= ifOéNIO
U DB, A) =0, mult (£evAm A} > ol ,
{ (Bn; ) mu (N ) } 3 o1
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Spectral decimation

Spectral decimation is a process in which we project the eigenspace of L} to that of
E%il. We do so by computing the Schur complement

Schur complement

Define the Schur complement of L% — Al with respect to the minor D — A/ as
SE(N) == (A=) —B(D—-AN"1c,
where
S(V-1) = U Vn-1),
(Vv \ Vv—1) = U(Vn—1),
: K(VN_l) — Z(VN \ \/1\1_1)7
: E(VN \ VN—I) — Z(VN \ \//\[_1)7
Sﬁ(A) : Z(VNfl) — Z(VN,I)
and make the connection by writing

Sii(a, B, A) = ¢, B, A(LR_y — R(a, B,N). M€,

Then, L% and LSKFI are said to be spectrally similar, and if A ¢ E(apy, By), then

O N ®>

A€ o(LY) < Rlan, By, \) € o(LE_ )
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Spectral decimation

Recall that we write
Sii (e, B, A) = ¢, B, \)(Ly_y — R(e, B, A)
and if X ¢ E(an, Bn), then
Neo(Ly) < RN € a(LY )

Computations

A(a, B,X) — 64D(B, ) (1 — A)

R(e; 8:2) =1+

16w (e, 8, N)| '
[W(a, B, N)]
BA) = —
TPy
A(a, B, A) = 16A% — (32 + 4 cos(2ma)) A + 15 + 4 cos(2max) + cos(2m (v + B)),
45 13 1
D(B,A) = —A* +3X% — =X 4+ = — — cos(27f),
(8,X) + 6T 5~ 32 os(270)
1 1—-X i i
\U(Oé, 8, )\) _ (1 _ )\)2 4 (26—27r/o¢ + e—27rr(20¢+[3))
16 4
n 1 (e—47ria +2e—27ri(o¢+[3))’

16
E(o, B) = {X ER: W(a, B, ) =0 or D(B,\) =0}
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Flux changes in spectral decimation

Qalaz (av /37 )\) = walbowbgage2ﬂi9(a’ﬂ’)‘)
ao ba as a0 2
aa )
ai bo az ar P
Therefore,
v
0(c, B, A) = w (arg : C = [0,27)),
T

ay—1=a(ay,Bn,A) and  By_1 = B (an,Bn,N),
ai(avﬁa )‘) =3a + ﬁ - 39(&, Bv )‘) (mOd 1)’
By, B,A) =368+ a+30(a,3,A) (mod 1)

3-parameter non-rational function

U(a, B,)) = (3 + 8 — 36,38 + o + 36, )
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Other cases

Theorem: Magnetic spectra under non-(half-)integer fluxes (Chen—G. '19)

Let £(an, Bn) be the exceptional set for spectral decimation. Suppose not
both of ay and By are in {0,2}. Then

o (£5m™) = {X e R\ E(an, Bu) : Rlaw, B, A) € o (L)}

3
= ifOéNIO
U DB, A) =0, mult (£evAm A} > ol ,
{ (Bn; ) mu (N ) } 3 o1
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The exceptional set for spectral decimation
Question (Bellissard, 1990)

Is the dynamical spectrum equal to the actual spectrum of the original operator? This
is a question with no answer yet.
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The exceptional set for spectral decimation

Question (Bellissard, 1990)
Is the dynamical spectrum equal to the actual spectrum of the original operator? This
is a question with no answer yet

Recall that we write

Si(0,8.) = 60, 5. )R~ R(@.8.0), e .) = g

- B(D-XN"1c,
so naturally,

E(a;B) ={A€R: ¥(a, B,A) =00rD(B, 1) =0}
Given any fluxes a and 3, the exceptional set (for spectral decimation of L}) £(a,
consists of:

B)

@ The three zeros of D(,-); and

@ The corresponding values x in the table below if any of the conditions in the first
column is met.

Condition Value x to be added to £(a, B)
3
a= 0 5
a=3 2
3a+ = 1 (mod 1) 1+ % cos(2ma)
where D(B,\) = —A3 +3)2 — 45)\ + == = cos(27r,6’)
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Additional analysis on the exceptional set

£(a, B) = {\ € R: W(a, B, \) = 0or D(B, \) = 0}
Case I: «, B € {0, %} Spectral decimation can be carried out explicitly.
Case Il: Only one of « and 3 is in {0, %} There is only one R-valued zero of W(«, 3, -).

Case Ill: 3a + 8 = 1 (mod 1), excluding flux values already discussed in Cases | & II. There is
only one R-valued zero of ¥(a, 3, -).

Case |V: The remaining case. There are no R-valued zeros of W(a, 3, -).

[ E-)Oc

1 1 5
0 5 2 [

There is a standard way to analyze the exceptional set using complex analysis.® However, it is
necessary to use real analysis in our case.

3 Bajorin et. al, 2008 -
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Other cases

E(a,B) ={AeR:V¥Y(a,B,A) =00rD(B,\) =0}
Case I: o, B € {0, %} Spectral decimation can be carried out explicitly.
Case Il: Only one of & and S is in {0, %} There is only one R-valued zero of
V(a, B, ).
Case lll: 3a+ 8 = % (mod 1), excluding flux values already discussed in Cases
| & II. There is only one R-valued zero of W(q, 3, ).

Case IV: The remaining case. There are no R-valued zeros of V(a, 3, -).

Theorem: Magnetic spectra under non-(half-)integer fluxes (Chen—G. '19)

Let £(an, Bn) be the exceptional set for spectral decimation. Suppose not
both of ay and By are in {0,2}. Then

o (£5m™) = {X e R\ E(an, Bu) : Rlaw, B, A) € o (L4 2)

| . ) =, ifay=0
u{)\.D(ﬁN,)\)—Q muIt(ENN N,)\)>O}I_I 3 ifo(,\,:% ,
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Magnetic spectra

Theorem: Magnetic spectra under non-(half-)integer fluxes (Chen—G. '19)

Let E(an, Bn) be the exceptional set for spectral decimation. Suppose not both of ay and By
are in {0, 3}. Then

o (L:EVQN'ﬁN))

Theorem: Magnetic spectra under (half-) integer fluxes (Chen—G. '19)

= {A ER\ E(aw, Bn)

u{x: DBy, ) =0, mule (£GVV,2) > 0} U

R(an, Bn, \) € o (gi\l"l\llflﬁ/vﬂ))}
0

3
%, if ay =
5 if an

[N

(o, B) U(ﬁ(a’ﬁ)) NRespe,stize muItip’llici:y .
_ == —k=T_
(0,0)" 0,3, R(0,0,-))%(3), R(0,0,-))"*(3) 1,38 8 83 - =1
11 B0 o 292 73,\/*3, L;_I 3N_21 31,
(575) (R(%,%, ))—1 (R1UR2) gN—k— 2+3, 3N—k;Z,l
— N N T_ N—1 N=2
G | ELRRRE0) TG D | T T Eo I
> (R(3:0.-)) "o (R(3:3:)  (RsUR) - =3 Ak 43 3
— N—1 N—T_ N N 2
o | LEILHEROL) U ) S Sl 32*5'373 1
(R(0,3,-))  ©(R(5,3,)))  (RsUR) i 2y F
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Determinants

Determinants of the magnetic Laplacian under (half-) integer fluxes (Chen—-G. '19)

1 1 N N—1 N—1
P2 DN TIPS S P
x(Gn)
W 31\14272+3 Mg 5 3N—k2—271
1T ( (k) + ) 11 (H(k)+ 5) 5
k=0 k=0
where H(0) = 26.5, and for k > 1, H(k) = [H(k — 1)]* — 1.
1 — N—2 - N—1 N—2
det([lg\? 0)): (2_ 5 B3 i on=3 533V ) i+
x(Gn
N—3 L 31\1—1<2—3Jr3 N—a 5 3/\/7/:3_1
x A(k) + = A(k) + =
[H((Hz) HH<(>+2) }
k=0 k=0
where H(0) = 302.5, and for k > 1, A(k) = [A(k — 1)]* — 1.
1 _ _ N—2
det(ﬁg\?’?)): 1 =i b 353Vl L]
w(Gn)
W3 L 3N—k2—3+3 Wa 5 3N—k2—371
x A(k) + 7) (ﬂ k) + —) ,
{HO( 0+ ] [1‘[0 0+ 2

where H(0) = 86.5, and for k > 1, A(k) = [A(k — 1)]? — 2.
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Loop soup entropy

A cycle-rooted spanning forest (CRSF) is a spanning forest whose connected
components are unicycles (a tree plus an edge to form a single cycle).

Matrix-CRSF Theorem*: Let L{5,c) be the line bundle Laplacian, then

det (L) = > [] <& J[ <t@-w).

OCRSF's ecbushes ~yEcycles

Asymptotic complexity (tree entropy®):

wy._ g log(k(Gn)det(LR))
H(Goo, L) i= I|_}m A

Loop soup entropy:
Bloop(Goor £5) = B(Goo, L) — h(Goo, £23)-

Probabilistic interpretation:

a,B) (a,8)
NILmOO ICTS V | IogIP’ [no loops] = —hioop(SG, L5377)

4 Kenyon, 2011
5 Lyons, 2005
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Thank you!

Thank you for your attention!
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